FINITE DIMENSIONAL SUBSPACES OF NONCOMMUTATIVE 

L„ SPACES. 
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Abstract. We prove the following noncommutative version of Lewis's classical 
result. Every n-dimensional subspace E of Lp{A4) (1 < p < oo) for a von 
Neumann algebra A4 satisfies 

> ■ 

Q. d,^{E,RC^,) <Cp-n\ 

1 ^^ ^ ^ for some constant Cp depending only on p, where ^ + ^ = 1 and RC^, = [Rn n 

■ Cn,Rn +Cn] 1 • Moreover, there is a projection P : Lp{M) —* Lp{A4) onto E 

- — - 1 

with < Cp • nl ^ PI. We follow the classical change of density argument 

' , with appropriate noncommutative variations in addition to the opposite trick. 



1. Introduction 



Lewis showed that ([13^) for any finite dimensional subspace of a commutative 
Lp space we can find a special basis forming an orthonormal system with respect to 
a certain change of density, namely a power of their square function. More precisely, 
^ ' for a n-dimensional subspace X of Lp{fj,) {1 < p < oo) for some measure fj, there is 

OO , a basis {xi)f^i of X satisfying 

o . . 

I (1.1) / X'P~^{t)x*{t)xj{t)d^i{t) = (5,y for any 1 < i,j < n, 



where X{t) = (ELi^^^W)" and / XP{t)d^i(t) = n. 

This change of density phenomenon was used to prove the following estimate of 
, the Banach-Mazur distance from the Hilbert space with the same dimension and 

the relative projection constant with respect to Lp. Indeed, for 1 < p < oo we have 

(1.2) rf(X,^5) <nl^-|l, 

^ ! where d{Y, Z) = inf{||r|| ||r-i|| \ T :¥ ^ Z, isomorphism} and 

\{X,Lp{y))<n\^---^, 

where A(r, Z) inf{||P|| \P : Z ^ Z, projection onto Y} for Y <ZZ. 

Now, it is natural to be interested in what can be said for finite dimensional 

subspaces of noncommutative Lp (in the sense of Haagerup). However, we are not 

interested in Banach space structure since we already know that the same results as 

(|1.2[) hold by ^-Hilbertian space approach of Pisier ([191 [20]). Recall that a Banach 

space X is called 6'-Hilbertian (0 < 6* < 1) if X is a complex interpolation between 

a Banach space and a Hilbert space with the parameter of 0, and it is known that 

any n-dimensional subspace Z of a 6'-Hilbertian satisfies d{Z,£2) < n^t^^^). Note 

that Lp = [Li, £2]^ for 1 < p < 2 and Lp = [Loo, L2] 2 for 2 < p < 00. 

p' p 

Since there is a canonical operator space structure on Lp ( |17l I18j) it is again 
natural to move our attention to their operator space structure. Let i? be a n- 
dimensional subspace of Lp(A^), where is a von Neumann algebra. Following 
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the approach of Lewis we wiU prove that there is a basis {xi)f^^ of E satisfying an 
orthonormal condition similar to p.ip at least when A4 is semifinite. In this case, 
we will use the change of density with respect to {J27=i ^i^;^)^^, a power of the 
column square function of {xi)f^i. 

Then, we would be able to show the following main results of this paper. 

Theorem. Let E be n- dimensional subspace of Lp(A4) for a von Neumann algebra 
M.. Then we have 

d,,b{E,RG;,)<Cp-n\'^-'v\ 
for some constant Cp depending only on p. 

Corollary. Let E, A4, and Cp as before. Then we have XctiE , Lp{M.)) < Cp-n'^^p. 

In the above RCp, is the n-dimensional Hilbertian operator space defined by 
iJC", = [Rn n C„, Rn + Cn] i ([IB]), whcrc Rn and C„ are the n-dimcnsional row 

and column Hilbert spaces, respectively, and Acfc(-, •) is the relative cb-projection 
constant defined by 

\cb{F, G) inf{||P||^(, \P:G^G, projection onto F} 

for operator spaces F C G. The result of the theorem is sharp in the sense that 
there is a n-dimensional operator space E with dcb{E, RCp,) > C ■ n^^p for some 
constant C independent of n. Actually, it is easy to see that E — R^ is an example. 
Note also that the case p = 1 and p = oo are covered by a more general result of 
Junge (Proposition 3.3.2.4 of 'W\ or Corollary 7.9 of ^18]). 

This paper is organized as follows. In section [21 we present technical tools for the 
proof of the main results, namely, the support of elements in Lp{M) for semifinite 
von Neumann algebra M, the equality condition in Holder's inequality for semifinite 
von Neumann algebras, Haagerup's reduction principle, the operator space structure 
of Lp{J^)°P, the opposite of Lp{A4) for cr-finite von Neumann algebra and 
an automatic complete boundedness result. In section [31 we restrict ourselves to 
the case when the underlying von Neumann algebra is semifinite and prove that 
a special basis of a finite dimensional subspace of Lp{A4) can be chosen as in the 
commutative case. With the chosen basis and the change of density argument we get 
a factorization result, which will be extended to the general von Neumann algebra 
case. In the final section, we prove the main results using the previous factorization 
and the opposite argument. 

Throughout this paper, we assume that the reader is familiar with basic concepts 
in operator spaces (^2,^8]), operator algebras ([21, 22, 9, IQ ), and noncommutative 
Lp spaces ([22 1 123 1 18]). 

For I < p < oo, Sp (resp. Sp) refers to the Schatten p-class on £2 (resp. ^2), 
and for an operator space E, Sp{E) (resp. Sp{E)) implies its vector valued version 
(dZl)- Let Rp and Cp be the row and column of Sp defined by spanjeii : i > 1} 
and spanjeii : i > 1} in Sp, respectively, and Rp and Cp are their n-dimensional 
versions. 

In some special cases vector valued Lp spaces can be defined for general von 
Neumann algebras. Let Lp{A4;Cp) (resp. Lp{Ai;Rp)) be the space of sequences 
ixi)i>i in Lp{M.) with the norm 



\\i^i)i>l\\Lp{M;Cp) 



E 



(resp. \\{x^)^>l\\L^(^M■..R,) 



(E 



Lp{M) 

) 



Lp{M) 



Note that Lp{M; Cp)* = Lp,{M; Cp,) for 1 < p < 00. 
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For operator space E and F, E (Bp F implies the direct sum in the sense of 
(1 < P < oo). Then E dp F and E +p F, the operator space intersection and sum 
in the sense of ip, are defined by 

EHpF ^ {{x, x) :x eEriF} and E +p F ^ E ®p F/A, 

where A = {{x, —x) : x ^ E Ci F}. We simply write E Ci F and E + F instead of 
E Cioo F and E+iF, respectively. Note that E (Bp F^s are all completely isomorphic 
with the constant independent of 1 < p < oo. Furthermore, we have the following 
completely isomorphism with the constant independent of 1 < p < oo. 

^ / Rp + Cp (1<P<2), 
KCp = < , 

[ RpCiCp {2<p<oo) 

where RC„ = [R H C, R + C]i. 

2. Technical tools 

In this section we present essential tools which we will need in the sequel. 

We start with the support of elements in Lp{A4), where is a semifinite von 
Neumann algebra with a normal semifinite faithful (shortly n.s.f.) trace r. See 
chapter 9 of ^22] or chapter 1 of [23j for the definition of Lp{M). Let M d B{H) for 
some Hilbert space Ti, and a G Lp{A4). Then a can be understood as a closed densely 
defined operator on Ti. Thus, we have a unique polar decomposition (Theorem 
6.1.11 of [TO]) 

a — V \a\ , 

where w is a partial isometry in A4 whose initial space is the closure of the range 
of \a\. Then, the support projection g of a (we write q = supp(a)) is defined by 
q = v*v. Using functional calculus we have (Theorem 5.6.26 of [9] and Proposition 
8 of [23]) 

Q = l(o,oo)(|a|)- 

Now we consider a positive element X e Lp{Ai). Then, by functional calculus 
again X and X^ G Lf{A4) has the same support q = 1(q oo)(^), and 

(2.1) qX'' ^ X'^q^ X' 

for any r > 0. If we set 0(-) — t( ■ Xp), then (/> is a positive normal functional on 
Ai and faithful on qA4q (p. 455 of |T0]), since q is the least projection satisfying 
qXP — XPq — XP. Thus, X^, or equivalently X, is invertible as an operator 
affiliated to qA4q with positive inverse X^^. Indeed, X^^ satisfies 

(2.2) XX-' = X-'X = q 
and if we denote {X^'Y ~ X^^ for r > 0, then we have 

X^'Xg'' = Xg^'X'' = q. 



The second one is the equality condition for the Holder's inequality for semifinite 
von Neumann algebras. 

Proposition 2.1. Let 1 < p < oo, + - = 1 and M be a semifinite von Neumann 
algebra with a n.s.f. trace t. If a £ Lp(A4) and b G Lpi{A4) satisfy 

hbh.iM) = Ml,(m) II^IIv(ai) ' 

then we have 

(i) (1< J3 < oo) {bb*)'T = C ■ (a*a)5 for some constant C . 

(ii) {p ~ 1) qbb*q — \\b\\ q, where q = supp(a). 

(iii) {p = oo) Qaa*Q ~ \\a\\^ Q, where Q — supp(5*). 



Proof. The case 1 < p < oo can be obtained from the Young's inequahty for semifi- 
nite von Neumann algebras by Farenick and Manjegani in [3]. Actually, their results 
was only dealing with positive elements a, 6 € A4, but we can apply the same proof 
for the general case. Note that every property of generalized singular values of the 
elements in Lp(A4) which we need in the proof can be found in [3j. 

Now we consider the case p = 1. Let u \a\ be the polar decomposition of a. Then 
we have 

T{\ab\) = r( u lap • |ap 6 ) < r( |ap u*u |ap )^ • t( |ap 66* |ap )^ 
<r{\a\)-\\b\\. 

Since we are assuming that T(|a6|) = T(|a|) • ||6|| we can apply the case p = 2 to get 

lap 66* |a|^ = C • |a| 

for some constant C > 0. As in (|2.2p there is a positive operator \a\~^ such that 
W\q^ — W\q^ W\ = 9- By multiplying \a\~^ on both sides we get 

qbb*q = C ■ q. 
Clearly, C = \\qb\f < ||6||^. Since aq — a and 

we get the reverse inequality, which lead us to the conclusion. 
The proof for the case p = oo is similar. 



□ 



The third one is Haagerup's reduction, which is very useful when we want to 
extend some results holding for finite von Neumann algebras to the general von 
Neumann algebra case. Let be a von Neumann algebra and 1 < p < oo. Then 
by Haagerup's reduction theorem (see [6l [25] for the details) there are increasing 
net {A4a)aGi of finite von Neumann subalgebras of M for a directed index set I 
and complete contractions 

such that 

\imua^pWa^p{x) = X for all x S Lp(A4). 
Now we choose an ultra-filter U associated to 2. Then 

and 

W = : Yl Lp{M) ^ n LpiMc.) 

U,a U,a 

are complete contractions satisfying 

(2.3) UWIl^^m) ^ Ilam)- 

Note that Lp{A4) canonically embedded in Yiu a ^p{^)- 

The fourth one is about the operator space structure of Lp{A4)°P, the opposite of 
Lp{A4). We start with a basic observation about E°p, the opposite of an operator 
space E. Recall that E°p is the same space as E and we will denote the elements 
in E^P by x*, so that 

E E°P, x^x* 

is the formal identity. However, E°p is equipped with the following operator space 
structures. 
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for any n e N and (xy ) G Mn{E). By Theorem 1.5 of [T^ we can easily see that 



(2.4) 



II S"(£;°p) 



\\{^ji)\\s^^(E) 



for any n e N and (xy ) G Sp{E). When ^ is a C*-algebra, A"^ can be understood 
as a C*-algebra with the reversed multiplication, which implies that 

X*?/* — {yxY for any x,y G A. 

Suppose Ai is a-finite, and </> a normal faithful (shortly n.f.) finite weight on Ai 
with density D^. Let ip is the n.f. finite weight on A4°p defined by -0(a;*) — f{x) 
for any x S A^, and let be the density of -0- Then, clearly A^°'' M, x* — > x 
is an isometry, and this isometry can be transfered to their preduals. Since we have 

trA^op(D^x*?/*) = ?A(x*2/*) = ipiiyxY) = (p(yx) tr^K (yxl^^) 

for any x,y G AA, Li(A^°p) and ii(A^) are isometric under the mapping 

D^x^ 1-^ xD^. 

Consequently, Lp{A4°P) are Lp(A^) isometric under the mapping 



xDi 



by complex interpolation for 1 < p < oo ([IlITT]). 

Furthermore, by applying the above isometry arising from M„(g)A1 with n.f. finite 
weight Tr (g) (p, where Tr is the usual trace, we have for any (xy)"^^^ G Mn{M) 
that 



n 
n 

E' 



' XjiD^ 



Lp(M„®M) 



Lp(M°''(g)A1°P) 



The last equality is because of the fact M°p 



M„ 



which can be extended to a complete isometry Lp{M°P) ^ S^, e. 
Now, by (|2.4I1 we get the following. 



is a ^-isomorphism 
■ e,-, as above. 



Proposition 2.2. Let Ai, (p, andip as before. Then we have the following complete 
isometry 

Lp{M°P) = Lp{M)°P, d|x* ^ (xi?|)*. 
We end this section with the following automatic complete boundedness result. 
Proposition 2.3. Let M be a von Neumann algebra, 2 < p < oo and 



Then we have 



T : Lp{M) RCp 



\\T\U<Cp\\T\\ 



for some constant Cp > depending only on p. 

Proof. We can still apply the proof of Proposition 4.2.6 of 5 . The only point we 
need to check is that 

[(i?„ n C„) ®„,i„ M,£^ ®2 L2{M)]i = g;{Lp{M)) 
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isomorphically with constant Cp depending only on p, where ^min and 
jeetive tensor product of operator spaces and Hilbert space tensor product, respec- 
tively. Here, Qp{Lp{M.)) implies 

n 

span| ^ » : £ Lp(X)| C Lp{n; Lp{M)), 

i=l 

where {gi)i>i be a family of independent gaussian variables on a probability space 

Let {Wi)i>\ be a family of free semi-circular variables on M, the von Neumann 
algebra they generate and 

n 

yy;'(Lp(X)) = span{ ^W^®x^■.x^£ Lp{M)^ C Lp{M®M). 

i=l 

It is well known that (|26p 

{Rn n Cn) 0min M ^ >V^(A^) and £^ ^2 L2{M) ^ W^{L2{M)) 

isomorphically with universal constants, and it is also well known that Wp{Lp{M)) 
is complemented in Lp{M.®AA) for all 2 < p < cx) with a universal constant ([26J). 
Thus, we get 

[{Rn n Cn) ®mi„ M, 02 ^{M)^. = W;{Lp{M)) 

isomorphically with a universal constant. Since Gp iLp{Ai)) = Wp {Lp{J^)) isomor- 
phically with the constant depending only on p ([26l[8]) we are done. □ 

3. Change of Density 

In this section we will observe a change of density phenomenon in the noncommu- 
tative context. We start with the following basis selection problem of independent 
interest. We basically follow the approach in Proposition III.B.7 of [24] with a suit- 
able modification. However, we need to be more careful, since we are dealing with 
the case where the square function could be singular, which was easy to handle in 
the commutative case. 

Proposition 3.1. Let 1 < p < oo and E be a n- dimensional subspace of Lp{M), 
where M. is semifinite von Neumann algebra equipped with a n.s.f. trace r. Then 
there is a basis (x.;)"^]^ of E with 

(3.1) t(XP) = n, 

where X — (X]"=i ^i^i)^ satisfying the following. When 2 < p < oo we have 

(3.2) T{X^~'^x*Xj ) = Sij for any 1 < i, j < n. 
When 1 < p < 2 we have 

(3.3) T{X^~'^x*Xj) = Sij for any 1 < i, j < n. 

where X^^ is the inverse of X as an operator affiliated to qAiq and q — suppX as 
in (1231). 



Proof. First, we find the solution of the following extremal problem: 
given linearly independent {^iYi^i ^ E* , find {xi)f^-^ C E giving 



max{det[(^i(a:*)]"j-^i 



71 



i=l 



< UP }. 



Since E is finite dimensional the solution {xi)^^^ C E exists. Note that if 
{xi)?=i ^ E gives the maximum for a sequence (vi)"=i C E*, then it gives the maxi- 
mum for any linearly independent (V'i)"=i ^ ^* ■ Thus, we can choose {ipi)2=i ^ E* 
satisfying ij]i[x*) = Sij for any 1 < «, j < n. 
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Since 



n 1 




n 






^ a;i (g) Cji 






1=1 



ip(-M;C") 



and Lp{M; C^)* = Lpi{M] C^,), with the same argument as in the proof of Propo- 
sition III.B.7 of [21] we can find extensions (2/i)r=i ^ Lp,{M) of C i;* 
satisfying 



Then we have 



T0Tr 



< 



^ (g) Cii 
i=l 

n 

1=1 





n 1 


1 

= n'p' . 


(A4;C^,) 








n 


-) 


1=1 


i=l 




j 


= r ® Tr(T5'*) 




n 




Lp(M(S)M„) 




Lp/(A<®M„) 



71 



li 2 < p < oo, then by Proposition 12. II we get 

|r|^ = ® en = C • l^r' - C • FP' en 
for some constant C > 0, where Y ~ (X]"=i ViVi)^ ■ Since 

T(|r|P) = r(XP) • Tr(en) = n and rd^l^') = r(yp') • Tr(en) = n 

we get 

= yp'or cquivalently F = X^^^ 
Now we set q = suppX and consider X'^^ as before. Since = Yll=i l^d^ have 

n n 

suppX = suppX^ = \J supp \xi\^ ~ \J supp \Xi \ , 

4=1 i=l 

SO that we have 

(3.4) q\xi\ = \xi\q = \xi\ 

for any 1 < i < n. Similarly, we have q \yi\ — \yi\q — \yi\ for any 1 < i < n. Thus, 
we have 

1 = T{x*y,) = T{x\y,q) = T(X§-ia;Jy.X,'"^) 
for any 1 < i < n, so that 



(3.5) 



= r{\[Zx--'x:y.xi'UY.xl--y:x.x'-'' 

^ n 71 

<r(^-[j2xi-'x*xa^-'+J2xl-^^y*yal'^ 



= ^riXn + ^riX^^-^X^n = ir(XP) + ir(X^'g) 
= t{XP) = n. 



Thus, equality should hold in the above inequality, which means that 

XiX^""^ = yiXq ^ , or equivalently, yi = yiq — XiX^^^ for any 1 < j < n. 
Consequently, we have 

T{X^^'^x*Xi) = T{y*Xi) = 5ij for all 1 < i, j < n. 

When 1 < p < 2, we just replace x^X^"^ and yiX^ ^ by XiXq ^ and yiX^~i ^ 
respectively, in (|3.5p . then we get yi — XiXP~'^ for any 1 < i < n by the same 
argument, which leads us to the desired conclusion. 

li p = 1, then again by Proposition 12. II we get 

Q{Y^ ® eii)Q = QS*SQ ^ \\Sf Q = Q iox Q = suppT. 

1 1 1 1 

Since (g) en = |r| ^ we have Q{X^ ® eii)Q — X^ ® en, so that 

T(X3y2j^3) ^ r (g) Tr[(X5 ® en) ■ {Y^ ® en) • (^^ ® en)] 
= T ® Tr[Q(X5 ® en)Q • Q{Y^ ® en)Q ■ Q{X^ 
= T® Tr[Q(X5 ® eii)Q ■ Q ■ Q{xi ® eii)Q] 
= t{X). 

Thus, 



en 



)Q\ 



< T 



Z^l 2^1 

(2 +E^^y*2^»^^ 



ir(<7X) + lr(X^r2^^)=r(X)=n, 



and the rest of the argument is the same. 



□ 



With the previous proposition we can show the following factorization results. 

Proposition 3.2. Let A4 be as before and E be a n- dimensional subspace of Lp{M) 
for I < p < CO. 

(i) When 2 < p < 00 we have 



Lp{M) ^ E such that 



BA\e = Ie, 
I^Lfc < 2^"^ ana 
ll^ll<"^" 



(ii) When 1 < p <2 we have 



Lp{M)^ CI E such that 



BA\e = Ie, 

\B\\ < np^^ and 

\\A\U<2^-^- 



Proof, (i) By Proposition 13. II we can find a basis (a;i)"=i of ^ satisfying p.ip and 
Let ip he a, weight on A4 defined by 

^(•)=r(.XP-2). 



Let Mif, — {x <E M : (p{x*x) < oo}, = {x e M : (p{x*x) — 0}, and L2{(p) be the 
Haagerup L2-space defined by the completion of J\f^/N^ with respect to the inner 
product 

{x + %,y + N^)^^^^^^ip{y*x). 

Then, (xi + N^)"^-^ is a orthonormal sequence in L2{^p). 

Now we consider the fohowing factorization of a projection onto E. 

where wi{x) = x + for x £ A/"^, E^ = wi{E), is the orthogonal projection 
onto E^^ and W2{xi + N^p) = Xi for any 1 < i < n. Then, we have 

\\wi\\ < n^^p and ||w2 : E^" -> E\\^^ < 2^~p, 

c c 
where E^'' is E^ equipped with Cp structure. Note that E^p'' ^ Cp completely 

isometrically. 

Indeed, for any x G JV^p we have 

by Holder's inequality and (13. where - + - — 1. Furthermore, for any to £ N 

and (ai)-Li ^ -^^m '^e consider T — J27=i o^i ® a;i and A = (^J27=i 
we have 



then 



Tr(g)r 



i=l 



= Tr®T(iTr~^ irr 



< 2i-^ ■ TT(g)T(^[A(E)XP-^] \T\- 

n 

= 2i-^ • Tr «) r( ^ Aa*aj ® XP-^x*Xj^ 

n 

= 2«-i. ^ Tr(^a*«,)T(XP-2^*x,) 



2t 



a,- at 



by p.2|) and (ii) of Lemma 3.2 of [12], since we have 



(3.6) 



1=1 



7i ri 



Now, if we take A = Q^wi and B = W2 we are done. 



(ii) We take a basis (xi)'^^-^ of i5 as in Proposition [3lT] satisfying (|3.ip and (|3.3p . 
and set be a weight on A4 defined by 

^(•)-r(.XP-2). 

We consider JV^, N^p, L2{(p), and the following factorization of a projection onto E 
as before. 

Lp{M) ^ L2{^) ^E^^E^ Lp{M), 
where j is the inclusion. Then, we claim that 

\\wi : Lp{M) -E^^ll^j < 2p~^ and ||w2|| < nv~^ . 
We consider the adjoint maps to check the above claims. We have 
02)*(C) = e^'"^ + for C e AA^. 



Indeed, by (|3.4p we have qx* — x* for any 1 < i < n, so that 
{{JW2nO,x^+N^) = {^,3W2{x,+N^)) = r{x*0 = 
for any 1 < i < n. Then, ||(:/?i'2)* || < n~i>^^ smce 
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by ([33]), where i + |r = 1. 

Furthermore, we have w*{ri + iV^) = rjXP~'^ for any 7y £ A/'ip since 

K(^ + Af^),0 = {v + N^,wiOL.i^)=r{CiiXP-^) 



for any ^ G N^. Then 



cb 



< 2 p 2 , Indeed, for any 



TO e N and G M„ we set T = YTi^i ar®x^XP-^ and ^ = (jTi^i 

then we have by IHH), (ii) of Lemma 3.2 of [H], ([53), and dSS]) that 



a, a. 



p'-2 



Tr (g) r 



E 



a,(g>x,XP 2 



= Tr®T(|T|P'-2|r|') 

< 2"^-! • Tr ® t([A ® (XP-^X^XP-^)"^] |T|' ) 

n 

= 2^-1 • Tr ® t( ^ (g) qx*XjXP-^'^ 

n 

= 2^-1 • Tr t( ^ Aa*aj (g) ^x^^p-^^ 

n j/ 

= 2^-.Tr([;^a:a,]-). 



Now, if we take A — Q^wi and B = W2 we get the desired result. 



□ 



Proposition 3.3. Provosition \3.Si is true for a general von Neumann algebra M. 

Proof. We only check the case 2 < p < oo, since the other case can be shown 
similarly. Let U and W are the maps in (|2.3p . Now we fix a basis {xi)^^i of E and 
choose a representative (xa,i)a of Wxi G Wu a^pi^a) with Xa,i G Lp(A^Q,) for 
1 < « < n (Note that E ^ Yl^ ^ Lp{M) canonically). If we set 

Ea = span{xa^i}-Li Q Lp{Ma), 
then dim£'ct < n and by Proposition p.2p we get 



\Bahb < 2^-^ and 



Lp{M)^C^ ^ Ea such that 



By setting A = and B — {Ba)a we get the following factorization of a 

projection onto E. 



Lp{M) ^ n Lp{M^) ^ n ^ n lp{m^) ^ n ^p(^)- 

Note that ^ = completely isometrically. Moreover, we have 



UBAWIe = Ie, 



UB 



< 22 p and 



cb 



AW 



< 715 



□ 



Proposition 3.4. Let M. be a von Neumann algebra and E be a n- dimensional 
quotient space of Lp{A4) with the quotient map Q : Lp{M) — > E. 

(i) When 2 < p < oo we have 



QBA\i 



E^c; 



Lp{M) — > E such that 
(ii) When 1 < p <2 we have 



E ^ C'^ ^ Lp{M) E such that 



l^ll^f, < 25-5 and 



\A\\ < n2 p . 



QBA\ 



— — - 

l^ll < IIP 2 ^720 



Proof. We only check the case 1 < p <2 since the other case can be shown similarly. 
Since E* is a n-dimcnsional subspace oiLpi by the embedding j : E* ^ Lpi [M) 
we have the following factorization of the identity map on E* by Proposition 13.31 



E* ^ Lp,{M) c;, i;* 

with I?Cj = Ie*, \\D\\ < n^^p and ||C|j|,j, < 2^^p. By taking adjoint and setting 
A — D* and B — C* we are done. 

□ 



4. Main results 

Finally, we present the main theorem of this paper. The proof can be established 
by the opposite trick (Corollary 7.9 of [18] or Proposition 4.2.6 of [5]). 

Theorem 4.1. Let E be n-dimensional subspace of Lp{A4) for a von Neumann 
algebra M.. Then we have 

dcb{E,RC;,) < cp-n\^-p\ 
for some constant Cp depending only on p. 

Proof. First of all, we can assume that A4 is cr-finite by the usual density argument 
(Theorem 3.2 of [7]), and we consider the case 2 < p < oo. By the discussion 
in sections we can assume that E°p C Lp{M)°P. Since E n E°p ^ E Dp E°p 
completely 2-isomorphic and 



E Hp E°P C Lp{M) (Bp Lp{M°P) = Lp{M ® M°p) 



we have by Proposition 13.31 the foUowing maps 



BAIeheop — lEnEop, 

Lp{M ® M°P) ^EnE°P such that <| < 2 • 2^-? and 

||A|| < n^^p. 



Clearly, we have \\B : E\\^^ < 2 • 2^~p. Moreover, since and {C^)°p are 

completely isometric we have 

\\B:R!'-^E\\ = lis : C" II ,<2-23"p, 

II P 1 1 CO 1 1 P II CO — 



so consequently we get 
(4.1) 



By applying Proposition 12.31 to A we get 



Lb : i?" + C" ^ S , <2-25-?. 

I P P 1 1 CO — 



\A : LpiM e M'"') ^ R'; + C;||^^ < Cp ■ n^~p. 



Thus, we have 



||T := {AlEnE^p)* ■ K n ^ E* f^ {E*r\\^^ 

= \\A\EnE^p■■Er^E°■P ^R; + C;\\^^<Cp-n^-^. 

Now let (<5i)"=i be the canonical basis for RpDCp. Then we have the decomposition 
T6i = Qi + bi such that 



^ (5i €5 a, 



1 — 1 



(i?"+C")®„,,„_E* 



and 



^ (5i (g) 6j 



(i?^"+C")<8.„„„£;* 



(fl?+C")®„,„(B*)°P 



Thus, we have 



(4.2) 



11 . nj — > rt„ + 0„ . — J . -tt„ I I 0„ — > rj 
I A* M CO 1 1 y 



i _ i 

< 2 • Cp ■ n 2 p . 



Combining (|4.ip and (|4.2p we get the desired result. 

Now we consider the case 1 < p < 2. Since E +p is a ri-dimensional quotient 
space of Lp{M. ® M"^) we can apply Proposition 13.41 so that we get the following 
factorization of Ie+ e°p ■ 

E + E°P -^C; Lp{M © 7W°P) -^E + E°P such that 

QBAIe+eop — Ie+e°p, 
\\B\\ < Tip^^ and 
\\A\l,<2-2"p-"^. 
As before, we can easily observe that 



(4.3) 



L4 : ^ i?" n C" <2-2p"2. 

I P P II CO — 



By applying Proposition 12.31 to B* we get 

\\B : R; n -> Lp{M ® M°P)\\^^ < Cp • n^~^ 

so that := QB : C\C'^ ^ E + E°p\\^^ < Cp ■ np'i. As before, we can show 
that 

(4.4) \\S:R;nC;^El^<2-Cp-ni-i. 
Combining (|4.3|) and (|4.4p we get the desired resuh. 

□ 

We get an estimate of the relative cb-projection constant as a corollary using 
Proposition 2.3 of [14 . 

Corollary 4.2. Let E be n- dimensional subspace of Lp{A4) for a von Neumann 
algebra M. Then there is a projection P : Lp(A4) — > Lp(A4) onto E satisfying 

for some constant Cp depending only on p. In particular, we have 

Kb{E,Lp{M)) <Cp-n\-^-^\. 
In the above, 7ijCp, (■) is the gamma-norm defined by 

^RC^,{T : E ^ F) =\ni{\\AU\\BU], 

A B 

where the infimum runs over all possible factorization T : E RCp' (/) F for 
some index set /, and RCp'{I) is i2{I) with the RCp' structure (p. 82 of |16j). 

Remark 4.3. (1) When A4 is commutative there is one more possible esti- 
mate. Let i? be a n-dimensional subspace of Lp{fi) for some measure fj,. 
Then, we have 

dcb{E,RC;;) <Cp-n\^-p\. 

This is obtained directly from Proposition 13.31 and the following variation 
of Proposition 12.31 which can be shown by the same proof as Proposition 
4.2.6 of 

\\T:Lp{f,)^RCpl,<Cp\\T\\ 

for some constant Cp > depending only on p. 
(2) The main theorem in this paper deals with the cb-distance between a finite 
dimensional subspace of Lp and RC^, . However, there is another operator 
space structure on £2 in which we would naturally be interested, namely, 
OHn, the n-dimensional operator Hilbert space by Pisier. Actually, we can 
show similar result for OHn instead of RC^i using 0-Hilbertian approach. 
More precisely, we consider an operator space E and we fix n G N and 
C > 0. Then the following are equivalent. 

(i) ^2,Off (■^) < C' • 'K2,oh{v*) for any v.l^-^E. 

(ii) \\A (g) Ie ■■ S2{E) S2{E)\\ < C for any A : S2 ^ S2 with rank < n. 

(iii) For any n-dimensional subspace F oi E we have P : E E with 

P\e^Ie and 7o,,(F) < C. 

(iv) For any n-dimensional subspace F oi E we have dcb{F, OHn) < C. 
Here, 'K2,oh{') is the (2,Oi7)-summing norm defined by 

See for the related topics. The equivalence between (i) and (ii) can be 
obtained by imitating the proof of Proposition 1 of ^9, and Theorem 6.9 
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of [T7]. (i) (iii) by the proof of Proposition 2.3 of [Hj, and (iii) (iv) 
=> (i) is clear. 

Note that we can easily apply complex interpolation to (ii), so that 
Lp{M.) satisfies the above conditions with C = tiI^^pI since it is a complex 
interpolation of an operator space and an operator Hilbert space {L2{A4)) 
by the parameter 9 = min{|, ^}. 
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